Abstract The aim of the present work is to present an overview of some numerical procedures for the simulation of free surface ows within a porous structure. A particular algorithm developed by the authors for solving this type of problems is presented. A modied form of the classical Navier Stokes equations is proposed, with the principal aim of simulating in a unied way the seepage ow inside rocklllike porous material and the free surface ow in the clear uid region. The problem is solved using a semi-explicit stabilized fractional step algorithm where velocity is calculated using a 4th order Runge-Kutta scheme. The numerical formulation is developed in an Eulerian framework using a level set technique to track the evolution of the free surface. An edge-based data structure is employed to allow an easy OpenMP parallelization of the resulting nite element code. The numerical model is validated against laboratory experiments on small scale rockll dams and is compared with other existing methods for solving similar problems.
Introduction
In traditional geotechnical problems water is considered in slow motion or as a stationary load [54] , [62] . Many authors during the last decades have proposed numerical models to analyze the eects of seepage ows in deformable or undeformable soils and low permeability porous materials in general. Among others we can mention the work of [2] , [42] , [51] [50] , [24] [58] . Unfortunately these classical approaches are not applicable for the analysis of the water motion within rockll or rocklllike materials (such as concrete tetrapods, cubes or similar coastal structure). This is the consequence of the extremely high permeability of the medium and of the peculiar characteristics of the pores. Pores in fact are extremely large and can be considered interconnected leading to a fully drained fast ow problem [56] . Therefore, the possibility to follow the rapid transition of the water level is of paramount importance to correctly reproduce the physics of the problem. The signicant time scale of the seepage evolution in rockll material is of the order of the minutes, not days of months like in soils.
As an example, rockll is commonly used as exterior layer of embankment dams or of coastal structures. While in the latter the variation of the seepage line is induced by sea waves and its rapid transition is analyzed to quantify the dissipation of wave energy to correctly design protection structures, in the former the interest lies in the study of the eect of an overtopping ooding that may trigger the failure of the entire dam with catastrophic consequences.
According to traditional studies of ow in rockll [55] , at a micro level the ux between the rocks is assimilated to ow in pipes. This analogy is used for the derivation of the resistance law used for the calculation of the hydraulic gradient at a macro scale due to seepage. The well known Darcy's law is not applicable to the analyzed problem where a non linear resistance law should be adopted to accurately evaluate the resistance forces made by the porous structure considering the local turbulent ow in the pores [61] . In the following section the traditional mathematical models to evaluate the hydraulic gradient in rockll are reviewed and discussed.
It should be pointed out that a key point for the complete simulation of the hydrodynamic eect of an overtopping ow in a dam is the capability of simulating at once, not only the seepage, but also the uid ow upstream, downstream and over the dam. The same need holds for coastal structures subjected to waves. Several authors presented steady-state models to evaluate the hydraulic gradient due to seepage in rockll [31] , [5] without considering the ow of water in the clear uid region or any transient phase. Others approaches are based on three dimensional (3D) Navier Stokes equations without solving the porous media ow and considering the porous structure as impervious [33] , [36] , [59] . Nevertheless, some ReynoldsAveraged Navier-Stokes (RANS) models have been recently conceived to simulate the wave-structure interaction in coastal structures [15] , [23] , [14] . The need for simulating turbulence in the clear uid region together with the large dimension of the analysis domain are the main reasons behind the choice of a RANS model.
The hydraulic gradient is the measure of the variation of the hydraulic head for unit length [21] .
After the initial review sections, in the paper we present an ecient numerical model to evaluate, using a unied set of balance equations, both the ow through a porous structure and in the clear ow region. The governing equations are derived considering the non-Darcy ow inside a porous material. The formulation is such that the classical Navier-Stokes equations are recovered when the porosity is equal to one, that is, outside of the porous media. The resistance law is taken into account in writing the linear momentum equation. Its contribution goes to zero out of the granular material. A similar approach was rst presented in [63] and has later been used by Nithiarasu and coworkers [43] , [45] , [44] to study the natural and forced convective ux in a cavity lled by a variable porosity medium.
The ease in the denition of a control domain with the relevant spatial variables (like for instance the porosity, dening the presence of a granular material), leads to the choice of an Eulerian xed mesh approach. Moreover this kinematical framework is also more ecient allowing an easier openMP parallelization of the resulting nite elements code. A level set technique is developed for tracking the evolution of the free surface.
The paper is organized as follows. In the rst section a review of the models available in the literature to describe the seepage in rockll material is presented and the need for a non-linear resistance law is justied. The governing equations are then derived in their strong form. The weak form of the problem is obtained and the nite elements solution strategy is explained. Since a xed mesh approach is used, a level set technique is employed to track the evolution of the free surface.
Finally a set of examples is presented to validate the proposed model against experimental results and other numerical techniques developed for the same purpose.
Seepage into rockll
The ow in porous media is traditionally studied using the empirical relation obtained by Darcy in 1856. While studying the ow of water through a sand-lled column he discovered that the pressure drop (i) and the velocity of water inside a porous material (u) are linearly related. This observation leads to the formulation of the well known Darcy law
where µ is the water dynamic viscosity and k is the permeability of the porous media [4] .
Velocity u in Eq. (1) is by denition the Darcy velocity, i.e. the uid velocity averaged over the total control volume Ω (often called macroscopic velocity or unit discharge being the discharge per unit volume), whereas the uid velocity u is averaged over the empty part of Ω (called Ω E ). Their relation is stated by the DupuitForchheimer equation [41] : u = nu (2) where n is the porosity that, by denition is
See Figure 1 for a graphical view of the uid and the Darcy denition of velocity.
In the most general case n is a function of space and time: n = n(X, t); (4) where X is the material coordinate vector, In the present work, according to experimental analysis [57] , [40] the variation of porosity in time can be neglected, considering only its variation in space, i.e.
This corresponds to assuming that the volumetric characteristics of the porous materials do not vary sensibly as a consequence of its deformation. Moreover, since the experiments reproduced in this paper do not present any relevant deformation of the rockll material, then n is taken as a constant value. Eq. (3) is by denition the volumetric porosity n v whereas in Figure 1 a cross section of the control volume is considered and a sectional porosity n a := A E /A should be dened as the ratio between the area of pores and the total cross section area. Consequently, a lineal porosity can also be dened as the ratio between the length of pores over the total length (n l := l E /l). Fortunately Bears in [4] demonstrated that in a porous medium this distinction is unnecessary being
Darcy velocity Fluid velocity
Eq.(1) was derived studying the unidirectional ux in sand at low Reynolds numbers ! and it has been proved to be valid under a limited range of low velocity elds [61] .
In fact in the case of ux through rockll, the relation between velocity and pressure drop was observed to be non-linear and it was experimentally demonstrated that over certain average dimension of the particles, Eq. (1) is not anymore valid.
Many authors have deeply studied this aspect with essentially two objectives: to discover the range of validity of Darcy's law (Eq. (1)) and to dene an alternative resistance law " in case Eq.(1) cannot be used.
Analogy between ow in rockll and pipes ow
It is generally accepted to consider the ow in the pores of rock particles essentially similar to ow in a pipe network but with a more complicated conguration [56] , [55] . Based on this assumption all the empirical formulae to evaluate the pressure drop due to friction in pipes have been used and adapted to get similar empirical relationships in the case of porous material [16] , [30] . , [20] , [3] , [18] , [2] )
The main issue is related to the denition of Re that in a porous material is not univocally dened. The Reynolds number depends on whether the Darcy or the uid velocity is chosen for its calculation and on how the characteristic length is dened [61] , [56] , [30] . Nevertheless it is commonly accepted that the beginning of appearance of turbulence is for values of Re in the range 60 − 150 (not 2000 like in pipes) while the starting point of non-linear behavior appears for Re ∈ [1 − 10] . This means that the transition between the laminar and turbulent regime is gradual (dierently from the ux pipes). Another important aspect is that turbulence appears at lower Re values in particles with larger average diameter. Scheidegger justies both aspects with the co-presence of a laminar regime in the thinner porous channels and a turbulent one in the thicker cases [49] .
All the examples presented in the present work have Re values in the range [40 − 40000] and is therefore mandatory to consider a non linear resistance law to correctly capture the dissipation induced by the presence of the porous matrix.
! The Reynolds number is the dimensionless coecient that, being the ratio between inertia and viscous forces, quanties the relative importance of each one for a given ow [21] . It is dened as ρu l µ where ρ is the uid density and l is a characteristic length (in pipes it coincide with the diameter).
" Eq.
(1) and all the alternative non linear formulations that are presented in the next sections are commonly called resistance laws because they measure the resistance made by the porous matrix to the uid ow.
Resistance laws
Forchheimer was one of the rst authors in proposing in 1901 [22] a quadratic resistance law dening the pressure drop (i) as
where constants α and β depend only on the characteristics of the rockll material.
Alternatively Prony and Jeager [32] proposed an exponential law of the type i = γu η ;
where γ and η depend on the ow condition, the characteristics of the porous medium and the uid.
Both the quadratic and the power relationships are based on experimental results although some theoretical basis have been provided for their justication [30] . In recent years almost all eorts have been addressed in determining the values of the α and β or γ and η constants. Some authors dene these coecients as dependent on physical parameters of the rockll material only, such as the size of the particles, porosity and the particle shape (following [56] this is the case of Ergun [19] ,
Wilkins [60] , McCorquodale [38] , Stephenson [53] and Martins [37] . In other cases, the coecients depend on the experimental value of the hydraulic conductivity.
Since the experimental set up needed for estimating these parameters can be very expensive, it is often easier and cheaper to choose one of the rst group of formulae.
A comprehensive overview of the dierent models can be found in [56] , [30] .
Nowadays both Eqs. (6) and (7) are accepted and widely used. In the present work a quadratic resistance law has been implemented. The user can dene the α and β parameters depending on the type of material studied and on the ow conditions. This aspect will be discussed later in the sections devoted to the validation examples.
Mathematical model. The modied form of the Navier-Stokes equations
Water is treated as a Newtonian incompressible uid governed by the following constitutive law σ = −pI + τ (8) where the Cauchy stress tensor σ is split in the sum of the volumetric part (that is the pressure p multiplied by the identity matrix I) plus the deviatoric, non-isotropic part τ . The deviatoric part is linearly related to the strain rate tensor ∇ s u, being u the velocity, through the kinematic viscosity ν which is assumed to be constant.
Eq.(8) can therefore be rewritten as
In order to take into account the eventual presence of a porous medium, some modications should be introduced in the traditional form of the Navier-Stokes 7 equations. In the following sections the modied system of governing equations is obtained by imposing conservation of mass and linear momentum in an innitesimal xed control volume.
3.1 Mass conservation equation Fig. 2 Balance of conservation of mass in a discrete volume dx dy. dxdy = n dx dy is the empty volume where the uid can circulate.
Let us consider a 2D square nite control volume dxdy as the one plotted in Figure 2 , and let us dene dxdy = n dxdy as the empty part of it, that is the portion of this volume that can be occupied by the uid (see the denition of porosity in Eq. (3)). Imposing the continuity of the uid eld velocity u = [u, v] over the uid control domain dxdy, yields
Considering that the uid is incompressible, Eq. (10) 
that can be rewritten as
Momentum conservation equation
The balance of linear momentum in the i − th direction (where i = 1, 2 refers to the cartesian coordinate x and y, respectively) is
where f ext are the volumetric forces and the sum over j spatial index is supposed. 
where b x is the component of the body force in the x-direction andD x represents the component of the hydraulic gradient due to seepage, e.g. the resistance law, in the x-direction. Its matrix form will be detailed at the end of this section. In Eq. (15) the denition of material time derivative has been implicitly taken into account
Substituting dxdy = n dxdy into Eq. (15) and inserting the denition of Darcy velocity gives
This expression holds for any innitesimal domain dxdy. Finally, naming D y = nD y , and using the same procedure in the other spatial dimension leads to analogous results. In summary the equation of balance of linear momentum is written as
where ∂ t u = ∂u ∂t . D is the matrix form of the resistance law and it represents the dissipative eects in the uid ow due by the presence of the solid matrix. The matrix form of the non-linear Darcy law is
where α and β are constant coecients.
Remark 1 A more general form of the constitutive equation of water can be now formulated as
This equation automatically reduces to Eq.(9) if the porosity is equal to one (i.e.
the free surface ow problem is considered). 4 The weak form of the problem Eqs. (13) and (17) represent the modied form of the Navier-Stokes equations. These equations take into account the presence of a porous medium and reduce to the classical Navier Stokes equations when the porosity is equal to one (n = 1) (free uid ow). The equations to be solved are, therefore
where
The boundary and initial condition of the problem are:
where σ is dened by Eq. (19) and Ω D and Ω N are the Dirichlet and Neumann boundary respectively. Note that n indicates the outer unit normal vector whereas n (dened in Eq. (3)) is the porosity.
The weak form of Eqs. (20) is derived next using a Galerkin formulation. A mixed nite element method is obtained, for which the approximation of both the velocity components and the pressure (and their respective weighting functions) is introduced.
The weak form of Eqs. (20) is
where, for a xed t ∈ (0, T ), u is assumed to belong to the velocity 
Let V h be a nite element space to approximate V, and Q h a nite element approximation to Q. The problem is now nding u h ∈ V h and p h ∈ Q h such that
Stabilized formulation
In this work low-order simplicial elements will be used with the same linear interpolation for the velocity and pressure values. Hence, as usual for this type of nite element approximation, a stabilization technique is needed for both the convective term and the incompressibility constraint. In the present work the Orthogonal subgrid scale OSS method introduced by Codina [11] [7] is used. In this case the space for the sub-grid scale is taken orthogonal to the nite element one.
Following strictly the operations outlined in [52] [12], the problem already presented in Eq. (25) , with the insertion of the convection and incompressibility stabilization terms, is:
where P h ⊥ is the space of orthogonal projections P h
with π h and ξ h dened as
ξ and π are not additional unknowns since these can be easily expressed in terms of the velocity and pressure DOF through Eqs.28a and 28b.
Remark 3 A split-OSS method has been implemented. Instead of taking the whole residuum of the momentum equation as in the algebraig SubGrid Scale method (ASGS) [25] , only its orthogonal projection (the projection onto P h ⊥ ) is taken into account. Two considerations should be made:
-The inertia term, the body force term and the linear part of the Darcy term belong to the nite element space V h (i.e. their projection onto P h ⊥ is zero); -The viscous term vanishes using linear elements;
and the stabilization term should be
which is dierent from the one used in the current work, which is
In practice this second form has been seen to be very eective [52] and is the one implemented in this work.
An error analysis leads to the denition of τ i in function of the parameters of the dierential equation (like advective velocity u or kinematic viscosity ν) [17] . Following the analysis of Codina [8] [10], τ is dened as
where h i is a characteristic mesh size taken equal to the minimum edge length (l ij ) of the edges ij surrounding node i. δ is a parameter that controls the importance of the dynamic term in the stabilization (δ ∈ [0, 1]).
Discretization procedure
The system of Eqs. (26) can be rewritten in a semi discrete form as
where u is the vector of nodal velocities and p the vector of nodal pressures. The operators take the form presented in Table 1 and the stabilization operators S i are dened as shown in Table 2 .
In order to simplify the problem, Eqs.(33c) and (33d) can be substituted in Eqs.(33a) and (33b) respectively, giving
The residual of the momentum equations without the dynamic term is dened
Matrix term Continuum term 
Matrix term Continuum term
S u ij Ω τ i (u g · ∇N i )(u g · ∇N j + β|u g |N j )dΩ S π ij Ω τ i N i (u g · ∇N j + β|u g |N j )dΩ S p ij Ω τ i ∇N i · ∇N j dΩ S ξ ij Ω τ i N i ∇N j dΩ
Solution strategy and time discretization scheme
The modied form of the Navier-Stokes equations is solved using a fractional step (FS) algorithm. Pressure-splitting approaches of the fractional-step type are very convenient due to their high computational eciency for ows at high Re. The fundamental idea is to split the momentum equation in two, decoupling the degrees of freedom of the problem. This allows to solve the momentum equation keeping the pressure xed and later to correct the pressure so as to guarantee the satisfaction of the mass balance constraint [9] .
Traditionally FS methods are used in an implicit context and the momentum equation is discretized in time using schemes like for instance the Backward Dierentiation Formula (BDF). However it should be noticed that in dealing with free surface ows, the uid domain and, therefore, its boundaries, are subjected to frequent and radical shape changes. These lead, in the practice, to a restriction of the Courant Friedrichs Lewy (CFL) number to values in the order of the unity. In this context the use of a semi-explicit scheme like the one presented in this paper, can be competitive since the time steps are of the same order of magnitude.
These considerations together with the lower computational cost and the highly parallelizablility of an explicit method, lead us to choose this approach for the time integration of the system. 
a one step explicit approach leads to a time integration scheme with the following general format
whereas for the 4 th order Runge Kutta method
where r i with i = 1, 2, 3, 4 are the residuals of the stationary form of Eq.36 evaluated at [48] , a linear variation of pressure is assumed within the time step. It should be remarked that this assumption leads the velocity eld to be divergence-free only at the end of the step.
Redening Eq.(35) as
being r u (u) the part of the residual related to velocity and r p (p) the part related to the pressure gradients. The residuals become
The global momentum eqation (Eq. (40)) can be symbolically rewritten as
4.3.2 Final system using a fractional step approach and a RK4 scheme
In order to decouple the solution for the velocity and pressure, the traditional pressure splitting procedure is performed and the fractional step velocityũ is inserted.
This gives

Mũ
where it has to be remarked that Eq.(44a) only depends on the pressure at the previous time step and on the intermediate fractional step velocities, leading to a slightly dierent RK4 steps as explained later on.
From Eq.(44b)
that substituted in Eq. (44c) gives
Finally, substituting the discrete Laplacian (DM −1 ∇) by the continuous one (L) according to [9] , the nal system to be solved is:
where the residuals of Eq.(47a) are evaluated according to the following steps
The edge-based approach
Having made the choice of an explicit scheme for the time integration of the momentum equation, a suitable data structure for the fast calculation of the residuals should be devised. The idea to be exploited is that many of the integrals involved in the computation of the residual can be written in terms of constant operators which can be directly applied to the nodal values. Dierent techniques were developed over the years to reach such goal. In this work the nodal-based approach described in [7] is blended with the edge-based proposed in [52] and [35] .
The starting point is the systematic usage of the partition-of-unity property of the FE shape functions, which provides the relations
and, as a consequence,
The edge-based approach is obtained by applying systematically such relations for the computation of the discrete operators of interest. The detailed procedure to obtain all the needed operators is presented by the authors in [47] by expressing the contributions to the entry corresponding to a given node i. The j index indicates one of the neighbor nodes of i which shares an edge with it.
The common features of all of the terms described is that they can be evaluated for each node i independently of all of the others. This implies that the calculation of the residuals can be performed in parallel for each node of the mesh.
5 Free surface tracking. The level set method
The problem is solved in an Eulerian xed mesh approach. Hence a technique to accurately track the evolution of the free surface should be adopted.
In the present work the level set technique presented by the authors in [47] is
used. In what follows a brief overview of the relevant aspects of the level set strategy are pointed out, nevertheless the consultation of [47] and [25] is recommended for a comprehensive analysis of the algorithm.
In the level set technique the free surface is represented by a signed distance function, the level set function (ϕ(x, t)) that takes the value 0 on the free surface, takes negative values in the uid domain and positive values outside the uid domain [46] .
The uid domain Ω(t) is evolving during the process and can move in the global domain of analysis Ω 0 according to the solution of the Navier Stokes problem presented in the previous sections.
The level set function, for a given time instant t, is dened as (51) where d(x) = min|x − x i | being x i is any point on the free surface boundary ∂Ω.
The problem is thus transferred to the solution of the following transport problem
Eqs. (52) are solved using a RK4 scheme and an Orthogonal Sub-grid scale stabilization technique [47] .
The coupling between the level set and the Navier Stokes solver is accurately described in [47] and is not repeated here since no dierence is introduced by the extension of the model to the treatment of porous zones. 6 The algorithm
The steps of the global algorithm for modeling a free surface ow in a porous medium are summarized in Box 1. 2. Convect the level set function ϕ dening the new free surface at t n+1 using u n and u n ext . Note that the extrapolated values are only required within a limited number of layers which are the ones on which the convection will be actually performed.
3. Re-compute (if needed) the distance in the whole domain starting from the zero of the level set function at t n+1 obtained at Step 2.
4. Solve the momentum Eq.(47a). Note that the solution is performed on the domain at the predicted free surface position (ϕ n+1 ).
5. Set the approximate pressure boundary conditions on ∂Ω n+1 so to guarantee that the pressure is (approximately) zero at the position indicated by the zero of the level set function. In order to do that, the geometric distance is evaluated on L 1 .
6. Solve for the pressure (Eq.(47b)). 7. Solve for the correction (Eq.(47c)). In the second example a small scale dam with dierent materials is reproduced under dierent ow condition.
These numerical examples follow and complete the work presented in [28] and [29] where the authors used an Ergun resistance law to simulate the experiments on small scale prototype dams carried out at the Technical University of Madrid by
Prof Miguel Angel Toledo and his group and at the at the Center for Hydrographic
Studies of CEDEX in Madrid (Spain) [27] .
Finally an example of a dambreak in presence of a porous layer is reproduced and compared to the results obtained in the University of Cantabria (Spain) using a VARANS model [15] .
Homogeneous rockll dam. Sensitivity in the resistance law chosen
In this example the seepage line and pressure distribution inside a dam made of homogeneous material is analyzed in order to check the inuence of the linear (α) and non linear (β) part of the resistance law (Eq. (18)).
Among the dierent quadratic laws proposed in the literature to describe the seepage evolution inside rockll slopes (see Section 2.2) the Ergun coecients is taken as a reference in the current example, i.e.
and
The authors have already used this specic resistance law in previous works [26] , [29] with positive results. Nevertheless, it was observed that the Ergun law under-estimates the pressure loss inside the rockll when the porosity is increased for a constant diameter of the particle (D 50 ); that is, when a homogeneous material, instead of a well grained one, is used.
The geometry of the example reproduces an experiment carried out at the laboratories of the Center for Hydrographic Studies of CEDEX and is detailed in Figure 4 . In order to verify the relation between the pressure drop and the linear and non linear terms of the resistance equation a parametric study is performed. The linear coecient is increased 5, 10, 20 and 30 times respectively, and the bottom pressure distribution is registered at the stationary regime as shown in Figure 5 .
As expected, no relevant dierences are observed in the pressure curves, in fact the linear part of the resistance law (Eq. (6)) (corresponding to the linear Darcy law) is not dominating in turbulent regimes. On the contrary, when the linear coecient is kept constant and the non linear one is increased as described, the dissipation is varying sensibly, as shown in Figure 6 . case the coecients of the resistance law should be α E and 30β E (see Figure 8) to correctly reproduce the dissipation. This conrms that the resistance law is not inuenced by the geometry of the downstream shoulder, but only by the material properties. 
where i 1 and i 2 are the pressure drop due to seepage in material 1 and 2 respectively. For an incoming discharge up to 16l/sm no failure was observed during the experiments and, therefore, the dam can be considered undeformable during the evaluation of the seepage.
The simulation was run with three dierent incoming discharges: Q 1 = 9.2l/s, Q 2 = 11.2l/s, Q 3 = 15.9l/s. The pressure head is plotted in Figure 11 
Porous dambreak
The third example reproduces a dambreak of a water column in presence of a porous material covering part of the domain. This example analyzes the capability of the model to simulate transient phenomena both in 2D and 3D. The results are compared to the work of del Jesus [15] . In that case a VARANS model was developed to simulate the eects of waves on permeable coastal structures and a Forchheimer resistance law was used to take into account the presence of the porous media.
The geometry of the 2D model mimics the experiments carried out by Lin [34] and is schematically shown in Figure 12 . A water column of variable height is left falling in a tank where a porous layer is set in the middle.
The material used in the experiment to simulate the porous layer are glass beads with porosity n = 0.39 and averaged diameter D 50 = 3mm. The resistance law is the one obtained in [15] . i = 1 628 460 u + 8 407 170 u 2 ;
The 2D analysis is carried out with a mesh of 49 000 linear triangular elements and 24 800 nodes. (d) t = 1.6s (e) t = 4.0s Del Jesus proposed some preliminary results of a 3D porous dambreak [15] . In this case, the porous column covers only part of the width of the tank so to see the eect of the percolation and of the ow in the clear uid region at the same time.
The geometry proposed in [15] is presented in Figure 15 . The 3D analysis is carried out with a mesh of 543 000 four-noded linear tetrahedral elements and 97 400 nodes. (d) t = 1.6s (e) t = 4.0s The problem is solved in an Eulerian framework, using a xed mesh approach. A level set technique is employed to accurately track the evolution of the free surface both inside and outside the porous material.
The model proposed has been validated by means of a series of experiments on small scale prototype dams and other laboratory tests conrming its validity and the accuracy of the current approach both in transient and in steady regimes in 2D and 3D.
